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Chiral magnets often show intriguing magnetic and transport properties associated with their peculiar
spin textures. A typical example is a chiral soliton lattice, which is found in monoaxial chiral magnets,
such as CrNb3S6 and Yb(Ni1−xCux)3Al9 in an external magnetic field perpendicular to the chiral axis.
Here, we theoretically investigate the electronic and magnetic properties in the chiral soliton lattice by
a minimal itinerant electron model. Using variational calculations, we find that the period of the chiral
soliton lattice can be locked at particular values dictated by the Fermi wave number, in stark contrast to
spin-only models. We discuss this behavior caused by the spin-charge coupling as a possible mechanism
for the lock-in discovered in Yb(Ni1−xCux)3Al9 [T. Matsumura et al., J. Phys. Soc. Jpn. 86, 124702 (2017)].
We also show that the same mechanism leads to the spontaneous formation of the chiral soliton lattice even
in the absence of the magnetic field.
Chiral magnets have recently attracted considerable atten-
tion, owing to their peculiar properties arising from non-
collinear and noncoplanar spin textures. In these systems, the
chirality in magnetism is generated by the crystal symmetry
and the spin–orbit coupling. A well-known interaction, which
gives rise to such magnetic chirality, is the Dzyaloshinskii–
Moriya (DM) interaction.1, 2) The DM interaction, which is
expressed by D · Si × S j (D is the DM vector determined by
the lattice structure and Si is the magnetic moment at site i),
brings about a twist between the magnetic moments, and leads
to noncollinear and noncoplanar spin textures.
The chiral soliton lattice (CSL) is an archetype of such pe-
culiar spin textures. The CSL is a periodic array of chiral spin
twists spaced by almost ferromagnetic regions, as shown in
Fig. 1. It is realized in monoaxial chiral magnets as follows. In
the absence of magnetic field, monoaxial chiral magnets ex-
hibit a one-dimensional chiral helimagnetic state (CHM) with
a uniform spin spiral structure [Fig. 1(a)]. When a magnetic
field is applied perpendicular to the helical axis, the CHM
turns into a CSL, whose period increases as the magnetic field
increases [Figs. 1(b)-1(d)], and finally relaxes into a forced
ferromagnetic state (FFM) above a critical field [Fig. 1(e)].
The CSL is experimentally found in chiral magnetic conduc-
tors, such as CrNb3S63–5) and Yb(Ni1−xCux)3Al9.6)
The CSL has been studied theoretically for a long time
since the pioneering works by Dzyaloshinskii.7, 8) Various
methods have been applied to this problem, such as a con-
tinuum approximation,9–14) mean field approximation,15) and
Monte Carlo simulation.16) These studies are mostly focused
on the magnetic properties of CSL on the basis of effec-
tive spin-only models while omitting itinerant electrons in
the chiral magnetic conductors. However, the CSL exhibits
intriguing behavior also in the electronic properties, such as
the nonlinear negative magnetoresistance,17) which obviously
demands further consideration including itinerant electrons.
In addition, a peculiar lock-in of the CSL was recently dis-
covered in Yb(Ni0.94Cu0.06)3Al9:6) the period of the CSL is
locked at a particular length while changing the magnetic
field. This behavior also may not be explained by the spin-
only model. The authors recently proposed a minimal model
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with itinerant electrons, which well reproduces the formation
of CSL and the nonlinear negative magnetoresistance propor-
tional to the soliton density.18) It would be intriguing to fur-
ther investigate the minimal model for understanding of the
fundamental electronic and magnetic properties of CSL.
In this Letter, as a complementary study to the previous
Monte Carlo simulation at finite temperatures,18) we inves-
tigate the ground-state properties of the minimal model, a
Kondo lattice model with the DM interaction. Performing
variational calculations, we show that itinerant electrons mod-
ify the response to the magnetic field from that in the spin-
only models. In particular, we find that the period of the CSL
can be locked at particular values dictated by the Fermi wave
number. The CSL with a locked period is stabilized by gap
opening in the electronic structure through the scattering of
electrons by chiral solitons in a finite range of magnetic field.
We discuss the results in comparison with the lock-in ob-
served in Yb(Ni0.94Cu0.06)3Al9 in detail. We also find that the
same mechanism leads to a spontaneous formation of the CSL
even in the absence of the magnetic field.
Following the previous study,18) we consider the ferromag-
netic Kondo lattice model with the DM interaction between
the localized classical spins in one dimension. The Hamilto-
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Fig. 1. Schematic pictures of (a) a chiral helimagnetic state (CHM), (b)-(d)
chiral soliton lattices (CSLs), and (e) a forced ferromagnetic state (FMM).
The chiral axis is taken in the chain direction.
1
ar
X
iv
:1
80
1.
02
87
2v
1 
 [c
on
d-
ma
t.s
tr-
el]
  9
 Ja
n 2
01
8
2 J. Phys. Soc. Jpn. Letter Author Name
nian is given by
H = − t
∑
l,µ
(c†lµcl+1µ + h.c.) − J
∑
l,µ,ν
c†lµσµνclν · Sl
− D ·
∑
l
Sl × Sl+1 − h
∑
l
S xl , (1)
in the same notations as the previous study.18) The model is
composed of the kinetic energy of itinerant electrons with
the nearest-neighbor hopping t, the onsite coupling between
the itinerant electrons and localized classical spins with the
coupling constant J, the DM interaction with the DM vector
D = Dzˆ, where D > 0 and zˆ is a unit vector along the chain
direction, and the Zeeman coupling of localized spins to an
external magnetic field h perpendicular to the chain direction,
taken as xˆ.
We investigate the ground state of the model in Eq. (1)
by variational calculations. Following the previous studies in
a continuum approximation,9, 10, 12) we assume the localized
spin configuration as Sl = (cos θl, sin θl, 0) with
θl = pi + 2am
(2K(κ)
L
l
)
, (2)
where am is the Jacobi amplitude function, κ represents the
elliptic modulus (0 ≤ κ ≤ 1), K(κ) is the complete elliptic in-
tegral of the first kind, and L is the period of magnetic struc-
ture. The spin configuration includes the CHM at κ = 0, the
CSL for 0 < κ < 1, and the FFM at κ = 1. In Eq. (2), we set a
down spin (θ = pi) at the origin l = 0 (except for the FFM); a
phase shift of the spin configuration does not alter the follow-
ing results qualitatively, although it leads to discretization due
to the lattice effect for much smaller L than studied here.21)
For a given spin configuration, we can compute the total en-
ergy of the system per site by the exact diagonalization of the
one-body Hamiltonian. By assuming the periodic boundary
condition, the result is given by
E(κ, L) =
1
N
[ ∑
εi≤εF
εi −
∑
l
{
D sin(θl+1 − θl) + h cos θl}], (3)
where εi is the ith eigenvalue and εF is the Fermi energy; N is
the number of sites, which is set at L × 104 in the following
calculations (we take the lattice constant as the length unit). In
the variational calculations, we optimize E(κ, L) by varying κ
and L for particular electron filling n defined by n = 1N
∑
εi≤εF .
In the following calculations, setting the energy unit t = 1, we
fix D = 0.035 and choose the value of J for each n so that L
becomes 10 at zero field.20)
Figure 2 shows the results of the variational calculation for
the model in Eq. (1) at quarter filling n = 0.5 while changing
the magnetic field h. Figure 2(a) indicates that the optimized
spin configuration changes from the CHM with κ = 0 at h = 0
to the CSL with a nonzero κ by switching on h, and finally to
the FFM with κ = 1 at the critical field h = hc ' 0.0153. Ac-
cordingly, the period L increases from the initial value 10 and
rapidly diverges while approaching hc [Fig. 2(b)]; the mag-
netization of the localized spins m also increases from 0 and
rapidly saturates to 1 as h → hc [Fig. 2(c)]. For comparison,
we show the results for the spin-only model, the ferromag-
netic Heisenberg model with the DM interaction, by dashed
curves in Fig. 2.19) The comparison indicates that the increase
of κ, L, and m is slower in the model with itinerant electrons
(a)
(b)
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Fig. 2. Magnetic field dependences of (a) the elliptic modulus κ, (b) the
period of the magnetic structures L, and (c) the magnetization of the local-
ized spins m obtained by variational calculations for the model in Eq. (1)
at J = 2.03, D = 0.035, and n = 0.5. The dashed (black) line represents
the result for the spin-only model for comparison.19) The arrows in (b) and
(c) indicate the bumps discussed in the main text.
than the spin-only model. This suggests that the effective fer-
romagnetic interaction mediated by itinerant electrons is re-
duced by the magnetic field through the change in the elec-
tronic state. We also note that the data for the itinerant elec-
tron model show bumpy behavior at h ∼ 0.015 [indicated by
arrows in Figs. 2(b) and 2(c)]; we will return to this later.
Figure 3 shows the data of L and m for several electron
fillings n. While n decreases from 0.5 to 0.3, the growth of
L and m with h becomes slower gradually, and the critical
magnetic field hc becomes larger. At the same time, the bumpy
behavior near hc becomes more conspicuous for lower n. For
n = 0.2, however, L shows the plateaux at L = 15, 20, 25,
and 30 [see also the inset of Fig. 3(a)], and correspondingly, m
also shows plateau-like features. We note that L and m change
discontinuously between the plateaux. The data indicate that
the bumpy behavior for larger n is a remnant of the plateaux
and the discontinuous jumps.
When further lowering n to n = 0.1, L is fixed at 10 from
h = 0 to hc ' 0.0245. Interestingly, m is nonzero (m ' 0.27)
even at h = 0, which means a spontaneous formation of the
CSL in the absence of the magnetic field (we confirmed that κ
is also nonzero). Thus, at this low filling, the system is in the
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Fig. 3. Magnetic field dependences of (a) L and (b) m for the model in
Eq. (1) at several electron fillings. We set J for each n to realize L = 10
at h = 0 with fixed D = 0.035. For clarity, we plot the data for different n
with the offsets (n − 0.5) × 50 for L and (n − 0.5) × 2.5 for m. The inset of
(a) presents an enlarged view of the data at n = 0.2 around h = 0.015.
CSL state from h = 0 to hc with a fixed period, while m (and
κ) increases gradually
In order to clarify the origin of these peculiar behaviors ap-
pearing at low n, which are not seen in the spin-only model,
we investigate the electronic state by calculating the density
of states (DOS). Figure 4 shows the DOS for the optimized
spin configurations at several different parameters. Figure 4(a)
is the result for the CHM (h = 0) at n = 0.5, which indi-
cates that the DOS is smooth except for the band edges. This
DOS resembles to that for a noninteracting model because the
Hamiltonian in Eq. (1) with the CHM is reduced to a simple
tight binding model with a renormalized hopping by a spin-
dependent gauge transformation (clµ → c˜lµ = clµeiµQl/2 where
Q = 2pi/L). On the other hand, in the CSL at h = 0.015, the
DOS shows several energy gaps densely distributed near the
band edges. The gaps originate from the scattering of elec-
trons by the superlattice of chiral solitons: they open at the
boundaries of the folded Brillouin zone in the CSL. While fur-
ther increasing h, the number of gaps increases and the gaps
come across the Fermi energy. This leads to the bumpy be-
havior near hc in Figs. 2 and 3.
For lower n where the Fermi energy comes closer to the
band bottom, the system is affected by the gap opening more
conspicuously. Figure 4(c) shows the result at n = 0.2 and
h = 0.015, where the CSL is locked at L = 15. In this case,
the Fermi energy is inside one of the gaps, the third-lowest
(a)
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Fig. 4. Density of states near the band bottom calculated for (a) the CHM
at n = 0.5 and h = 0, (b) the CSL at n = 0.5 and h = 0.015, (c) the CSL
locked at L = 15 at n = 0.2 and h = 0.015, and (d) the spontaneous CSL
at n = 0.1 and h = 0. The insets of (a) and (b) show the whole spectra. The
shaded regions represent the occupied states below the Fermi energy. The
inset of (d) presents the electron filling n dependence of the periodicity L
divided by LF = pi/kF with fixed J = 0.9 and D = 0.035.
one. Similarly, we confirmed that the CSLs locked at L = 20,
25, and 30 have the Fermi energy inside the 4, 5, and 6th-
lowest gap, respectively. Thus, the lock-in takes place when
2kF (kF is the Fermi wave number) matches with integer mul-
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tiples of the width of the folded Brillouin zone, 2pi`/L; the
integer ` corresponds to the number of occupied bands [` = 3
in Fig. 3(c)]. Hence, for a given n, the lock-in condition is
given by
L =
`
n
. (4)
Figure 4(d) shows the DOS at n = 0.1 and h = 0, where the
CSL is formed spontaneously. In this state, the Fermi energy
is inside the lowest gap already at zero field, as Eq. (4) is
satisfied with ` = 1. Hence, the spontaneous formation of the
CSL is understood by the common mechanism to the lock-
in found for higher n at nonzero field. While changing n at
h = 0, it occurs when n is in the range where 2kF = 2pin
matches with 2pi/L. The inset of Fig. 4(d) shows such a range
of n with L/LF = L/(pi/kF) = 1 for fixed J = 0.9.
Let us discuss our results in comparison with experiments.
In Yb(Ni0.94Cu0.06)3Al9, a lock-in of the CSL was found at the
period of eight Yb moments along the chiral axis. The lock-in
was observed only at eight, although the period changes from
∼ 6.8 to ∼ 8.4 in the measured range of magnetic field. The
lock-in with the lack of the period seven is difficult to explain
by the lattice discretization, as it predicts the lock-in at every
integer.19) Meanwhile, our mechanism predicts that the lock-
in occurs only at integer multiples of a particular value deter-
mined by the electron filling. Hence, the origin of the lock-in
found in Yb(Ni0.94Cu0.06)3Al9 would be ascribed to our mech-
anism from the coupling to itinerant electrons. If this is the
case, kF along the c-axis satisfies 2kF = 2pi/L = 3pi/(4c) (c is
the lattice constant along the chiral axis), which will be con-
firmed by the measurement of the Fermi surface. Our scenario
would also be tested by the electrical transport measurement,
as it predicts the high-resistive state during the lock-in. We
note that our analysis is for the simplified one-dimensional
model, but the similar mechanism could work by partial nest-
ing of the Fermi surface in realistic three-dimensional sys-
tems.
Thus far, a spontaneous formation of the CSL has not been
found in experiments. Our calculations suggest that lower
electron filling might increase a chance to observe the sponta-
neous CSL. In this sense, Yb(Ni1−xCux)3Al9 can be a promis-
ing compound, since the electron filling can be tuned by Cu
doping.6)
In summary, we have investigated the effect of itinerant
electrons on the formation of CSL by variational calculations,
in comparison with the spin-only model. We clarified how the
coupling to itinerant electrons modifies the development of
the CSL in an applied magnetic field. In particular, we found
that the period of CSLs can be locked at a particular set of val-
ues. We elucidated that the lock-in is explained by gap open-
ing in the electronic states due to the scattering of electrons by
chiral solitons. We discussed the finding as a possible mecha-
nism for the lock-in observed in Yb(Ni1−xCux)3Al9. We also
found that the same mechanism predicts the spontaneous for-
mation of the CSL even in the absence of the magnetic field.
It would be interesting to clarify how the lock-in develops
as a function of temperature in a realistic three-dimensional
system, which will affect both electronic and magnetic prop-
erties. This problem is left for future study.
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